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1. Introduction
Let G be a locally compact group, and A(G) and B(G) be the Fourier and the Fourier–Stieltjes algebra of G , respectively,
deﬁned by Eymard [4]. Recall that B(G) is the linear span of all continuous positive deﬁnite functions on G and that it can
be identiﬁed with the dual space of the C∗-algebra C∗(G) of the group G . The space B(G) endowed with the dual norm
arising from this identiﬁcation, is a commutative Banach ∗-algebra with respect to pointwise multiplication and complex
conjugation. The Fourier algebra A(G) is the closed ideal of B(G) generated by the elements with compact supports. It
is well known that A(G) is regular [4]. The Fourier and the Fourier–Stieltjes algebras are both preduals of von Neumann
algebras, and as such they possess natural operator space structures. Endowed with these structures, they are completely
contractive Banach algebras (cf. [5]).
Let G , H be locally compact groups and ϕ : A(G) → B(H) be a homomorphism. We can always ﬁnd an open subset
Y ⊆ H and a continuous map α : Y → G such that
ϕ( f )(t) =
{
f (α(t)) if t ∈ Y ,
0 otherwise.
(1)
For abelian groups G and H , Cohen [2] was able to characterize all homomorphisms from A(G) into B(H). He showed that
any such homomorphism ϕ is induced by a continuous piecewise aﬃne map α from a set Y in the open coset ring of H into
G as in (1). This characterization was extended by Host [9] to the case that G is abelian and H is arbitrary. He also showed
that the map u → uˇ from A(G) into B(G), where uˇ(s) = u(s−1) for s ∈ G , does not arise from a piecewise aﬃne map. Taking
into account its operator space structure, Ilie [10] studied completely bounded homomorphisms on the Fourier algebra. The
same description was achieved when G is discrete and amenable in [10], and was extended to general amenable groups by
Ilie and Spronk in [12]. More precisely, if ϕ : A(G) → B(H) is a completely bounded homomorphism and G is amenable,
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written as in (1). Moreover, continuous piecewise aﬃne maps were shown to induce completely bounded homomorphisms.
On the other hand, it was proved in [8] that the homomorphism u → uˇ is completely bounded exactly when G is almost
abelian, and hence s → s−1 is piecewise aﬃne by [12, Proposition 3.1].
A linear map ϕ : A(G) → A(H) is called a disjointness preserving operator if for each f and g in A(G) with coz( f ) ∩
coz(g) = ∅, we have coz(ϕ f )∩ coz(ϕg) = ∅, where coz( f ) = {x ∈ G: f (x) 	= 0} is the cozero set of f in G . This is equivalent
to saying that whenever f · g = 0 in A(G), we have ϕ f · ϕg = 0 in A(H). Such an operator is also called a map preserving
zero products. It is clear that a homomorphism preserves disjointness of cozero sets of functions, hence is a disjointness
preserving operator. In [6,7], Font studied bounded disjointness preserving bijections between Fourier algebras, and showed
that such an operator is a weighted composition operator. In a recent paper [1], the authors introduced the concept of
property (A) and studied such maps in the setting of Banach algebras with property (A). However this property is not
known to apply to Fourier algebras. In [13], Lau and Wong studied such operators on the Fourier algebra which moreover
preserve orthogonality. Taking into account the operator space structure of the Fourier algebra, it is natural to ask for
a description of completely bounded disjointness preserving operators on Fourier algebras. In this paper, we completely
characterize such operators in the case the involved groups are amenable. Our characterization takes into account the
algebraic structure of the underlying groups, and not only their topology, which was the primary emphasis in [6,7].
2. Main results
Our reference for the Fourier and the Fourier–Stieltjes algebras is [4]. Let G be a locally compact group. The Fourier–
Stieltjes algebra B(G) consists of all linear combinations of continuous positive deﬁnite functions on G . Let ωG : G → U(HG)
be the universal representation of G . Then B(G) is the space of all complex functions on G given by t → (ωG(t)ξ |η), where
ξ,η ∈ HG . Therefore, B(G) is isometric to the predual of the von Neumann algebra W ∗(G) generated by ωG . The Fourier
algebra A(G) is the closed ideal of B(G) generated by the elements with compact supports. Let λg : G → U(L2(G)) be the
left regular representation of G . Then A(G) consists of all functions of the form t → (λg(t) f |h) : G → C, where f ,h ∈ L2(G).
Therefore A(G) is isometric to the predual of the group von Neumann algebra vN(G) which is generated by λg .
Being a von Neumann algebra, W ∗(G) (resp. vN(G)) has a canonical operator space structure. By identifying B(G) (resp.
A(G)) with the predual of W ∗(G) (resp. vN(G)), we may also equip it with a canonical operator space structure. Recall that if
A and B are operator spaces, a linear map ϕ : A → B is completely bounded if each of its ampliﬁcations ϕn : Mn(A) → Mn(B),
given by ϕn([aij]) = [ϕ(aij)], is bounded, and ‖ϕ‖cb := sup{‖ϕn‖: n = 1,2, . . .} < ∞. (Here we denote by Mn(V ) the space
of all n-by-n matrices with entries in a vector space V .) The quantity ‖ϕ‖cb is called the completely bounded (or the cb-)
norm of ϕ . We note that, for any locally compact group G , the multiplication on B(G) extends to a completely contractive
linear map μ : B(G) ⊗̂ B(G) → B(G), where ⊗̂ denotes the operator projective tensor product. Indeed, the adjoint μ∗ of
the multiplication map is the unique ∗-homomorphism on W ∗(G) which extends the map ωG(s) → ωG(s) ⊗ ωG(s); hence,
B(G) is a completely contractive Banach algebra. In particular, the map of multiplication by a ﬁxed element v → uv in
B(G) is completely bounded with ‖v → uv‖cb = ‖u‖B(G) . Another class of examples of completely bounded maps between
completely contractive ∗-algebras are ∗-homomorphisms, which are indeed completely contractive in the sense that their
cb-norms do not exceed one. Our standard reference for operator spaces and completely bounded maps is [5].
A coset of G is a subset C of G for which there is a subgroup N of G and an element s ∈ G such that C = sN . Here we
do not distinguish the left and right cosets, since we have Ns = ss−1Ns. Let H be another group. A map α : C ⊆ H → G is
called an aﬃne map if C is a coset and for each r, s, t ∈ C ,
α
(
rs−1t
)= α(r)α(s)−1α(t).
It is clear that if C is a coset and α : C → G is an aﬃne map then the range α(C) of α is also a coset. Moreover, if s ∈ C ,
then the map
s−1C → α(s)−1α(C) given by t → α(s)−1α(st)
is a homomorphism between subgroups.
We let Ωo(H) denote the open coset ring of the group H , that is, the smallest ring of subsets containing all open cosets.
A map α : Y ⊆ H → G is called continuous piecewise aﬃne if
(i) there are pairwise disjoint Y1, Y2, . . . , Yn ∈ Ωo(H) such that Y =⋃ni=1 Yi ; and
(ii) each Yi is contained in an open coset Li , and there is a continuous aﬃne map αi : Li → G such that αi |Yi = α|Yi .
Aﬃne and piecewise aﬃne maps are natural generalizations of group homomorphisms and are the natural morphisms
between ﬁnite collections of cosets. The notation and results we use about continuous piecewise aﬃne maps are based
on [12].
The following proposition shows that continuous piecewise aﬃne maps induce completely bounded disjointness preserv-
ing operators from the Fourier algebra into the Fourier–Stieltjes algebra.
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piecewise aﬃne map and w ∈ B(H), then the linear map ϕw,α : A(G) → B(H) given by
ϕw,α(u)(y) =
{
w(y)u(α(y)) if y ∈ Y ,
0 otherwise
(2)
is a completely bounded disjointness preserving operator.
Proof. It is clear that the map ϕw,α deﬁned in (2) preserves the disjointness of cozero sets. On the other hand, since
α : Y ⊆ H → G is a continuous piecewise aﬃne map, by [12, Proposition 3.1] ψα : A(G) → B(H) sending u → 1Y u ◦ α is a
completely bounded homomorphism. Thus ϕw,α =mw ◦ ψα , where mw is the completely bounded multiplication by w on
B(H), is completely bounded. 
Corollary 2. If α : Y ⊆ H → G is a continuous piecewise aﬃnemap, then the mapΦw,α : B(G) → B(H) given as in (2) is a completely
bounded disjointness preserving operator. If G is amenable, then ‖Φw,α‖cb = ‖ϕw,α‖cb .
Proof. The proof is similar to the proof in [12, Corollary 3.2]. 
We call the map Φw,α from Corollary 2 the canonical cb-extension of ϕw,α .
We show in the following proposition that if a surjective disjointness preserving bounded operator on the Fourier algebra
can be decomposed as a weighted homomorphism, then such a decomposition is unique.
Proposition 3. Let G, H be locally compact groups and ϕ : A(G) → A(H) be a surjective disjointness preserving bounded operator.
If ϕ can be written as ϕ = w · ψ , where w is an invertible element of the multiplier algebra M(A(H)) of A(H) and ψ is a surjective
homomorphism from A(G) onto A(H), and if A(G) has an approximate identity, then the decomposition is unique.
Proof. Suppose ϕ = w1 · ψ1 = w2 · ψ2 for some invertible elements w1, w2 in M(A(H)) and surjective homomorphisms
ψ1, ψ2 from A(G) onto A(H). Then we have ψ1 = w · ψ2, where w := w−11 w2 is invertible in M(A(H)). Since ψ1 and ψ2
are homomorphisms, for any u and u′ in A(G), we have that
w2ψ2
(
uu′
)= wψ2(u)wψ2(u′)= ψ1(u)ψ1(u′)= ψ1(uu′)= wψ2(uu′). (3)
On the other hand, since A(G) has an approximate identity {ρi}i , take u′ = ρi in (3); by the continuity of ψ2, which follows
from the continuity of ϕ , we have that w2ψ2(u) = wψ2(u) for all u ∈ A(G). Since ψ2 is surjective, i.e. ψ2(A(G)) = A(H),
we have that w2 = w on A(H), which implies that w = 1. Hence, w1 = w2 and thus ψ1 = ψ2. 
The following theorem is our main result, which characterizes surjective completely bounded disjointness preserving
operators between Fourier algebras of amenable groups.
Theorem 4. Let G and H be locally compact amenable groups. The surjective linear map ϕ : A(G) → A(H) is a completely bounded
disjointness preserving operator if and only if ϕ = w · ψα , where w is invertible in B(H), and ψα : A(G) → A(H) is a completely
bounded surjective homomorphism induced by a continuous piecewise aﬃne proper map α : H → G.
Proof. The suﬃciency follows from Proposition 1, and we verify the necessity. Suppose ϕ is a surjective completely bounded
disjointness preserving operator. For each h in H , we have that the left translation λh is in vN(H), the von Neumann algebra
generated by the left translations on L2(H). Hence λh ◦ ϕ is in vN(G) (here we use the identiﬁcation vN(G) = A(G)∗).
Since ϕ is surjective and A(H) is regular, it follows that λh ◦ ϕ is nonzero, and hence the support supp(λh ◦ ϕ) of λh ◦ ϕ
is nonempty. The disjointness preserving property of ϕ easily implies that supp(λh ◦ ϕ) = {g} for some g in G . Deﬁne
α : H → G by sending h to g , and let w(h) be a nonzero complex number for h in H such that λh ◦ ϕ = w(h)λα(h) . That is,
ϕ(u)(h) = w(h)u(α(h)) for all u ∈ A(G) and h ∈ H .
We now show that α : H → G is continuous. Suppose not; then there is an h0 in H , a neighborhood U of α(h0) and a
net (hi)i in H such that hi → h0 but α(hi) /∈ U for all i. Let u ∈ A(G) such that supp(u) ⊆ U and u(α(h0)) = 1. Then
ϕ(u)(h0) = lim
i
ϕ(u)(hi) = lim
i
w(hi)u
(
α(hi)
)= 0.
However, ϕ(u)(h0) = w(h0)u(α(h0)) 	= 0, a contradiction. Hence α is continuous on H .
The continuity of w follows from the fact that the range of ϕ is in A(H). Indeed, suppose w : H → C is not continuous;
then there is an h0 ∈ H and a net (hi)i in H such that hi → h0 but w(hi)  w(h0). Since α : H → G is continuous, we have
α(hi) → α(h0). Let U be a neighborhood of α(h0) with a compact closure; then there exists an index i0 such that α(hi) ∈ U
for i  i0. Take u ∈ A(G) such that u|U = 1. Then
472 Y.-F. Lin / J. Math. Anal. Appl. 382 (2011) 469–473w(h0) = ϕ(u)(h0) = lim
i
ϕ(u)(hi) = lim
i
w(hi)u
(
α(hi)
)= lim
i
w(hi),
a contradiction.
We now wish to show that w ∈ B(H). Let {y1, y2, . . . , yn} ⊆ H and  > 0. Since A(G) has a contractive approximate
identity, by [3] there is a u in A(G) such that ‖u‖ < 1 +  and u(α(yi)) = 1 for all i = 1,2, . . . ,n. Let Hd be the group H
equipped with the discrete topology. Then B(H) = B(Hd) ∩ Cb(H), i.e. B(H) is exactly the algebra of continuous elements
of B(Hd), and for every f ∈ B(H), we have that ‖ f ‖B(Hd) = ‖ f ‖B(H) . Let c1, c2, . . . , cn ∈ C with ‖
∑n
i=1 ciωHd (yi)‖ 1; we
have ∣∣∣∣∣
n∑
i=1
ciw(yi)
∣∣∣∣∣=
∣∣∣∣∣
n∑
i=1
ciϕ(u)(yi)
∣∣∣∣∣=
∣∣∣∣∣
n∑
i=1
ciωHd (yi)
(
ϕ(u)
)∣∣∣∣∣

∥∥ϕ(u)∥∥B(Hd)
∥∥∥∥∥
n∑
i=1
ciωHd (yi)
∥∥∥∥∥ ‖ϕ‖(1+ )
∥∥∥∥∥
n∑
i=1
ciωHd (yi)
∥∥∥∥∥.
It follows that∣∣∣∣∣
n∑
i=1
ciw(yi)
∣∣∣∣∣ ‖ϕ‖,
and from the proof of [4, Lemma 2.13], we have w ∈ B(Hd).
The amenability of H provides a factorization of A(H) by Cohen’s factorization theorem, we hence have that w , when
acting on A(H) as a multiplier, is surjective. To see this, let g = g1 · g2 in A(H) for some g1, g2 in A(H). Since ϕ is
surjective, there are f1 and f2 in A(G) such that ϕ( f1) = g1 and ϕ( f2) = g2, respectively. On the other hand, we have that
wϕ( f1 f2) = ϕ( f1)ϕ( f2) = g1g2 = g.
Hence, if g′ := ϕ( f1 f2) ∈ A(H) then wg′ = g , i.e. w is surjective as a multiplier acting on A(H). On the other hand, since
A(H) is faithful, w is injective, and therefore w−1 exists. Let mw be the completely bounded multiplication by w on A(H).
Then m−1w exists, and for any u and v in A(H) we have that
mw
(
um−1w (v)
)= umwm−1w (v) = uv =mwm−1w (uv).
This implies that um−1w (v) =m−1w (uv), and clearly m−1w =mw−1 , hence w−1 is in M(A(H)). Since H is amenable, we have
M(A(H)) = B(H) by [3]; thus w−1 is completely bounded as a multiplier acting on A(H).
Let ψ : A(G) → A(H) be deﬁned by ψ := w−1 · ϕ . Then ψ is a completely bounded surjective homomorphism from
A(G) onto A(H). By Proposition 3, ψ coincides with the mapping ψα on A(G) given by u → u ◦ α. By [12, Theorem 3.7],
α : H → G is a piecewise aﬃne proper map. Hence,
ϕ = w · ψα
is a weighted completely bounded homomorphism induced by a continuous piecewise aﬃne proper map. 
Corollary 5. If ϕ : A(G) → A(H) is a surjective completely bounded disjointness preserving operator and if H is connected, then
‖ϕ‖cb = ‖w‖B(H) .
Proof. The proof is straightforward from [12, Corollary 3.10] and Theorem 4. 
We have the following extension to B(G) for surjective completely bounded disjointness preserving operators.
Theorem 6. Every surjective completely bounded disjointness preserving operator from A(G) onto A(H) has a canonical cb-extension
as a map from B(G) to B(H), whenever G and H are amenable.
Proof. Let G and H be amenable and ϕ : A(G) → A(H) be a completely bounded surjective disjointness preserving operator.
By Theorem 4, ϕ = w · ψα , where w is invertible in B(H) and ψα : A(G) → A(H) is a completely bounded homomorphism
induced by a continuous piecewise aﬃne proper map α : H → G . Let ı : A(H) → B(H) be the canonical embedding. Note
that ı is a complete isometry. Hence the mapping ı ◦ψα : A(G) → B(H) which we will, by abuse of notation, still denote by
ψα , is a completely bounded homomorphism induced by the continuous piecewise aﬃne map α : H → G . Therefore, it has
a canonical cb-extension Ψα to B(G) by Corollary 2. Hence Φα := w · Ψα is a cb-extension of ϕ .
By [11, Proposition 5.1(b)], the cb-extension Ψα : B(G) → B(H) of ψα is unique. Suppose that Φ ′ = w ′ · Ψα is another
extension of ϕ , i.e. w ′ 	= w in B(H), but
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for all u in A(G). Since w ′ 	= w , there is a y in H such that w ′(y) 	= w(y). Take u ∈ A(G) with u(α(y)) = 1; then
w ′(y) = w ′(y)u(α(y))= w(y)u(α(y))= w(y),
a contradiction. Hence, the extension Φα of ϕ is unique. 
Note that the uniqueness of the extension in the proof of Theorem 6 is meaningful only if G is noncompact.
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